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Abstract 

Using the general form of Sq and Aq (Q = 6 or c) currents, 'EqAq transition 
magnetic moments are calculated in framework of the light cone QCD sum rules 
method. In this approach nonperturbative effects are described by the photon wave 
functions and only two-particle photon wave functions are taken into account. Our 
predictions on transition magnetic moments are HScAc = — (1.5 ± 0.4)/XAr and /^SbAf, = 
— (1.6 lb 0.4)/i7v A comparison of our results with the ones existing in the literature 
is given. 
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1 Introduction 



Among all nonperturbative approaches, the QCD sum rules method [1], is an especially 
powerful one for calculating the fundamental parameters of hadrons. In this approach a 
deep connection is established between the hadronic parameters and the QCD vacuum via 
a few condensates. This method has been applied very successfully to the various problems 
of hadron physics and is discussed in detail in many review articles [2]-[7]. One of the 
important static characteristic parameters of hadrons is their magnetic moment. Nucleon 
magnetic moment was investigated in the framework of the traditional QCD sum rules 
method in [8, 9]. Within this method, the SA transition magnetic moment was calculated 
in [10]. Later this method was used in determining magnetic moments of baryons containing 
heavy mesons [11]. In the present work our goal is to calculate SqAq {Q = b or c) transition 
magnetic moment in the framework of the light cone QCD sum rules method (LCQSR) 
(more about this approach can be found in [7] and [12] and the references therein), which 
is an alternative approach to the traditional QCD sum rules method. Note that magnetic 
moments of the nucleons and dccuplct baryons were studied in [13, 14] using the LCQSR 
approach. Moreover, magnetic moments of heavy Aq baryons and SA transition magnetic 
moment were investigated in [15] and [16], respectively, using the LCQSR method. 

The paper is organized as follows: In section 2, the LCQSR for EqAq transition magnetic 
moment is derived. We present numerical calculations and conclusion in section 3. 



2 LCQSR for SgAg transition magnetic moment 



In order to calculate SqAq transition magnetic moment we start by considering the follow- 
ing correlator function: 



(1) 



where Tap is the external electromagnetic field, ?7sq and ?7aq are the interpolating currents 
with Eq and Aq quantum numbers, respectively. It is well known that there is a continuum 
of choices for the baryon interpolating currents. The general form of Eq and Aq currents 
can be written as [17, 18] 



?7Aq = 2 (77A1 + 677A2) , 
where h and h' are arbitrary parameters and 
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with a, b, and c being the color indices. Note that the loffe current corresponds to the 
choice b = b' = —1. 

Phenomenological part of the sum rules is obtained by inserting a complete set of states 
with Eq and Aq quantum numbers between the currents in Eq. (1), which can be expressed 
as 



n 



(Eq(pi)|Aq(P2)) 



Aq(P2)|%q|0 

Q 



+ E 



pI - 



(7) 



where P2 = Pi + Q, and q is the photon momentum. The second term in Eq. (7) takes 
higher resonances and continuum contributions into account. 

The coupling of currents with the corresponding baryon states is parametrized by the 
overlap amplitudes Aj which are defined as 



0|^Aq|Aq) = XaqUaq{p) . 



(8) 



It follows from Eq. (7) that in calculating the phenomenological part of the corre- 
lator, we need the expression of the matrix element (Eq(pi)|Aq(p2))jp ^, which can be 
parametrized as 



(Sq(pO|Aq(p2))^„^ 



u{pi) 



ifl + f2)l, + 



/2 



J2 



u{p2)e^ , 

u{p2)e^ 



(9) 



where fii^ff) and f2{(f) are the form factors which are functions of = (p2 — PiY, and 
£^ is the polarization vector of photon. In order to calculate EqAq transition magnetic 

moment only the values of the form factors at = are needed, since the photon is a real 
one. Using Eqs. (7)-(9), for the hadronic representation of the correlator function, we get 



n 



^1 + mj:. 



Pi - m^c 



ifl + /2 7/. + , —f2 

msg + ruAQ 
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pI - 



(10) 



Among a number of different structures which appear in the phenomenological part, we 
choose the structure ^i^^2 that contains transition magnetic form factor /i -I-/2. This form 
factor gives transition magnetic moment in units of efi/(msQ + ttiaq) at — 0. Choosing 
the above mentioned structure from the phenomenological part, we get 



n 



Pi rn^Q 



where /^SoA, 



■P2-ml^ 

(/i + /2)|g2=o is the transition magnetic moment. 
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In order to construct sum rules, theoretical part of the correlator function needs to be 
calculated. Calculation of the correlator function in QCD leads to the following result: 



2 f 
n(p,g) = -i^eabc^d^f J d'^xe'P''{-f{q)\ 

+ 2hh' s':ti^s':''^^s'^ + ^,s':^,TTSi's^f + in,s';i:TS':f^,s^f 

+ 6'5^^75Tr5f ^J^5 + hh'S':TvS:%,S'^f^, - i.S'fS'^^S^^ 

- 2^,81'' S'tS'^j^, - 2lrt,St^,S'tS^^ - 2b' S^S'tl^S^dl^ 

- 2bb'Stl,S'tl,S''j + i.Sl'S^^Sf^, + b^,Sl^^,S^f 

+ b'StS^^^,S\^^, + bb'St^,S^^^,Sf - ^,Sf^,TrS','^S^J 

- bj.SfTrj.S'j^S'gf - b'St^.TrS'tl.S'i^ - bb' St^T,^,S'tl,S''j\Q) , (12) 

where S'^ = CS^C with C being the charge conjugation operator, T denotes transpose of the 
operator and 5"^ is the quark propagator with the subindices referring to the corresponding 
quarks. 

Theoretical part of the correlator contains two pieces: perturbative and nonperturba- 
tive. Perturbative part corresponds to the case when photon is radiated from the freely 
propagating quarks. Its expression can be obtained by making the following replacement 
in each one of the quark propagators and keeping the other two as they are in Eq. (12) 

^5 ^ -\ (/ dyJ^'^^y^S^^'^ix - y)^,Sf^^\y)y^^ , (13) 

where the Fock-Schwinger gauge a;^A^(x) = has been used and S^^*^^ is the free quark 
operator. In ^-representation the propagator of the free massive quark is 

where mg is the heavy quark mass and Ki are Bessel functions. The expression for massless 
propagator S^^'^'^ = i /k/ {2'ri'^x'^) can be obtained from Eq. (14) by making use of the 
following expansions for Bessel functions 

K,{x) ~ - + 0{x) , 



X 
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and then formally setting toq — > 0. 

The nonperturbative contributions can be obtained from Eq. (12) by making the fol- 
lowing replacement in each one of the massless quark propagators: 



where Aj — |l, 75, 7q,, i^s'fa, ctq/j/v^I and sum over Aj is implied, and the other two 
propagators are the full propagators involving both perturbative and nonperturbative con- 
tributions. In order to calculate perturbative and nonperturbative contributions, the ex- 
plicit expressions of the heavy and light quark propagators in the presence of external field 
are needed. 

The complete light cone expansion of the propagator in external field is presented in 
[19]. It receives contributions from the nonlocal operators qGq, qGGq, qqqq, where G is 
the gluon field strength tensor. Here we consider operators with only one gluon field and 
neglect terms with two gluons qGGq, and four quarks qqqq. Neglecting these terms can be 
justified on the basis of an expansion in conformal spin [20]. In this approximation massive 
and massless quark propagators are given by the following expressions. 
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{ml - /c2)2 



G'"'{vx)a^ 
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(15) 



iS,{x) = iSl^'^x) - 
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X TTIq 



16 

G'"'{vx)a, 



vx^G'^^^, 



(16) 



where Sq'^'^{x) and S^^'''^''{x) are the free propagators of the heavy and light quarks, respec- 
tively, and tuq is defined from the relation 

{qigsG^^a^'^q) = ml{qq) . 

In Eq. (16) we neglect the operators with dimensions larger than five, since their contribu- 
tions are negligible. 

As can be seen from Eqs. (12)-(16), in order to calculate the theoretical part of the 
correlator function (1), the matrix elements (7 l^^j^'l 0) of the non-local operators between 
photon and vacuum states are needed. Up to twist-4 these matrix elements are defined in 
terms of the photon wave functions in the following way [20]-[22] : 

(7(9)|97a759|0) = ^je,eo^pp,e^q''x'' f^due''"'''^{u) , 



+ 



qx{eaXp - SpXa) + ex{xaqi3 - xpqa) g2{u) 



(17) 



In Eq. (17), x is the magnetic susceptibility of the quark condensate, is the quark charge, 
(j){u) and il^iu) are the leading twist-2 photon wave functions, while gi{u) and g2{u) are the 
twist-4 functions. 
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Theoretical part of the correlator (1) can be obtained by substituting photon wave 
functions and expressions for massive and massless quark propagators into Eq. (12). Sum 
rules for SqAq transition magnetic moment are obtained by equating the phenomenological 
and theoretical parts of the correlator (1). Performing double Borel transformations on the 
variables pi — and pi — {p + qf on both sides of the correlator, which suppress the 
continuum and higher state contributions (see [14, 23, 24] for details), SqAq transition 
magnetic moment can be expressed as 



__(2 + 6 + 6' + 2W)MH{2, -1, ml/M^) 



(2 + 6 + &' + 2&6')/V'(^io)M^*(l, -1, ml/M^) 



87r2 



9M2 



Uqqf{-l + h){l + h')\g,{u,)-g,{u,)] 



X {3Fi(myM2) - [F^iml/M^) - F^{myM^)\} 



48M2 



ml{qq)fip{uo) 



X 



{(-2 -h' -h + Abb') [F^iml/M^) - F^iml/M^)] + 3(-l + bb')F5{ml/M^)] 



87r2 



{qq){-2 -b' -b + 4bb')M^^{l, 0, ml/M^) 



(18) 



^{qq){b' - 36 + 266')(^i(«o) - g2{uo))M'^{l, 0, m^/M^) 

- ^(-1 + b)(l + b')x^(uo)M'F,{ml/M') 

+ ^(^?)'(-l + 6)(1 + b'Kgiiuo) - g^{uo))F,{myM^) 

+ if + + ^'OX'^K) [3F4(myM^) - F,(myM') 

- ^(2 + 6 + 6' - 466')(gg)/^(«o)F5(myM2) 



+ 



327r2 



m^(gg) (-2 - 6' - 6 + Abb')F^{rrfQ/M^) + 3(-l + 66')*(1, 1, ml/M^) 



where the functions ^(ct, /3, z) and -Fi(2;) are defined as 

1 

F^{z)^z{z-2)e-' , 
F2(z) = (z'-4z + 2) e-' , 



a-l 



(a > 0) , 



5 



F,{z) 



= ze ^ ^ 



and 

Ml , Ml Ml 

° Mf + M| ' + M| ' 

with Mf and M| being the Borel parameters. Since masses of the initial and final baryons 
are very close to each other, we will set wi^q = "^Aq and = M| = 2M^, from which it 
follows that Uq = 1/2. It should be noted that Borel transformations of Bessel functions 
are given in [25]. 

It follows from Eq. (18) that determination of A*EqAq transition magnetic moment 
requires a knowledge of the residues Asq and Aaq- These residues can be determined from 
heavy baryons mass sum rules (for the case the residue is calculated in [15]) 
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"^^'^""^ = ^(5 + 26 + 562)M«vl/(3,-l,myM2) 
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^,{my [(-26 + 46 + 226^)F4(m$/M^) + (-1 + byF,{mt,/M') 
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+ ^(gg)(l + 46- 562)M2vl/(2,0,myM 



-13 + 26+116')F5(m$/M^) 



^<{m) [(-1 - 46 + 56^)vl/(l, 0, myM^) + 6(-l + 6^)vl/(2, 1, m^M^) 
e"^'^'^^''' = ^(1 - 6')^M^*(3,0,m|/M^) 
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(g-?)(l-6'^)M^*(l,-l,m|/M^) 



47r2 
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1271^2""° 



(gg)2{(5 + 26' + 56'') [f^tjiI/M') - F.^ml/M^) 



+ (3 + 26' + 36")F5(m|/M2)} 



(19) 



(20) 



(21) 
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+ 



+ 6'^)M2 [7F,{mllM') - *(1,0, ml/M^); 



+ ^(gg)'(5 + 26' + 5nF5(myM^) , 



/2n 



327r4 



(5 + 2h' + 56")M^*(3, -1, ml/M^) 



m, 



^(-l + 6'^)(g-g)M^*(2,0,myM^) 



+ 



6 

mQ 2 



1 - b'yF,{myM' 



+ ^,rn',{qq)i-l + b") [7*(1, 0, m^/M^) + 6*(2, 1, m|/M^)J . 

Eqs. (19) and (21) correspond to the structure proportional to the unit operator, while Eqs. 
(20) and (22) correspond to the structure ^. Finally, we remark that subtraction of the 
continuum contribution in Eqs. (18)-(22) can be performed with the help of the following 
replacement 



(22) 



M2"*(a,/3,myM^) 



1 1 

r{a) r(n) 



/ dse-'/^ / ^ dt{s - tmlT-H^-'^-\t - ly-^ ,(23) 



for a > and n > 0. 



3 Numerical analysis 

In this section we present our numerical calculation for IJ'-EqAq transition magnetic moment. 
It follows from Eq. (18) that the main input parameters of the LCQSR are the photon 
wave functions. The photon wave functions which we use in the present work are given as 
[20, 23]: 

0(it) = 6u{l — u) , 'ipiu) — 1 , 

1 1 
9i{u) = --(1 -u){3-u) , 52(m) = --(1 - uf . 

The values of the other input parameters entering to the sum rules are: xi^GeV) = 
-4.4 GeV-^ [26] (in [27] this quantity is estimated to be x = -3.3 GeV-^), (gg)(l GeV) = 
-(0.243)3 GeV^, ml = (0.8 ± 0.2) GeV^ [22], = 1.3 GeV, nib = 4.8 GeV, and 
/ = 0.028 GeV'^. Few word about the value of / are in order. The analysis of the mag- 
netic susceptibility x by the QCD sum rules (see [26] and [27]) shows that at an accuracy 
of the order of 30%, the dominant contribution to this quantity comes from p meson at 
H = 1 GeV^. It has been suggested that on these argument that the vector dominance 
model works sufficiently well for electromagnetic properties of hadrons in the constant ex- 
ternal field limit q ^ 0. To the quoted accuracy, in this limit for the normalization constant 
is obtained [28] 

/ ~ —fprup ~ 0.028 ± 0.009 
9p 
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at gp = 5.5 and fp = 0.2. 

The parameters b and b' are completely arbitrary and the physical quantities should not 
depend on the precise value of these parameters. To simplify further analysis, we will set 
b — b'. Since transition magnetic moment is a physical quantity it must be independent 
of the auxiliary parameters b, Borel mass square and continuum threshold sq. So, our 
problem reduces to determining the respective regions for which /^EqAq transition magnetic 
moment is independent of the above-mentioned parameters. 

For this aim we prefer to consider the following three steps. In the first step, we try 
to find the working region of where /xsqAq is independent of the Borel parameter 
M^, at fixed values of b and sq. Along these hues, we present in Figs. (1) and (2) the 
dependence of //EjA^ and /UScAc on -^^j respectively. From both figures wc observe that, 
except b = —1 case, transition magnetic moments seem to be almost independent for the 
different choices of b and sq. The working region for /^EjAj transition magnetic moment is 
15 GeV^ < < 30 GeV^, while it is 2 GeV^ < < 6 GeV^ for the /xe.Ac case. 

The next step is to determine the working region for the parameter b. For this purpose 
we use the fact that both mass sum rules for Aq and Sq should be positive. Note also that 
the mass of the Aq baryon can be obtained by dividing Eq. (19) with Eq. (20), and that 
of Sq can be obtained by dividing Eq. (21) with Eq. (22). In order to see whether this 
requirement is fulfilled or not, in Figs. (3) and (4) we present the dependence of the sum 
rules for the masses of the above-mentioned baryons on cos^, where 9 is determined from 
the relation tan^ = b. It follows from these figures that the working region of b, which 
guarantees the positiveness of the sum rules, are in the intervals —0.7 < cos^^ < +0.7 for 
Af, baryon and —0.75 < cos 6* < +0.7 for Ac baryon. Similar analysis for the Sq baryons 
leads to the following result for the working region of the parameter b: —0.7 < cos 9 < +0.7 
and —0.8 < cos^ < +0.7 for the Sf, and Sc baryons, respectively. So, the common working 
region for the parameter b for both cases is —0.7 < cos^^ < +0.7. 

Having decided about the restriction of the parameter b, our third and final step is to 
determine the main objective of the present work, i.e., /^SqAq transition magnetic moment. 
As before, we are supposed to find a region for the parameter b where transition magnetic 
moment IJ'SqAq is independent of its variation. In the first step of our analysis we have 
decided on the working region of the Borel parameter Af ^ for which IJ'T.qAq does not depend 
on its variation, and additionally, we have verified its inscnsitiveness to several different 
choices of the continuum threshold sq. Fig. (5) presents the dependence of transition 
magnetic moment /j^-e^a^ (in units of the nucleon magneton /Xjv) on cos^, at = 25 GeV^ 
and at three fixed values of Sq. Similarly, in Fig. (6) we present the dependence of //ScAc on 
cos^, at = 4 GeV"^ and at three fixed values of Sq. From both figures we deduce that 
/^EqAq is quite stable in the region —0.5 < cos^^ < +0.08, and can be said to be practically 
independent of the parameter b and the continuum threshold sq. It follows from all these 
arguments that 

AtEeAe = -(1.5±0.4)//Ar , 
/^EjAj = -(1.6±0.4)//Ar , 

where the uncertainty in the results can be mainly attributed to the variation of the con- 
tinuum threshold so, Borel parameter and the twist-3 photon wave functions which are 
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neglected, since we estimate that their contribution to the transition magnetic moment is 
less than 5%, as well as to the uncertainties in the values of the parameters /, and m^. 

Finally, we compare our results on /^EqAq transition magnetic moment with the ones 
predicted by other methods in literature. Transition magnetic moment /xscAc is calculated 
in the LCQSR to leading order in heavy quark effective theory which predicts //EcAc — 
(1.0 ± 0.2)/XAr [29]. This result is calculated using loffe currents for Sc and A^. When we 
compare our results with the results given in [29] we see that the discrepancy between them 
is about 50%. In our opinion this discrepancy can be attributed to the fact that the result 
presented in [29] is calculated for the choice b — —1 (loffe current), which is unphysical in 
our case. 

In summary, transition magnetic moments /UsqAq are calculated in the framework of 
the LCQSR, using the general form of the interpolating currents for Sq and Aq mesons. In 
our analysis, only two-particle photon wave functions are taken into account while three- 
particle photon wave functions are neglected, since we estimate that their contribution to 
the transition magnetic moments, as has already been mentioned above, is less than 5%. 
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Figure captions 



Fig. (1) The dependence of the transition magnetic moment Hs^Ab on at two different 
values of the continuum threshold sq — 35 GeV'^ and sq — 45 GeV'^, for several fixed values 
of the parameter b. Here in this figure and Figs. (2), (5) and (6) the transition magnetic 
moments are given in units of the nucleon magneton //at- 

Fig. (2) The dependence of the transition magnetic moment /xs^Ac on at two dif- 
ferent values of the continuum threshold sq — S GeV^ and so — 12 GeV'^, for several fixed 
values of the parameter h. 

Fig. (3) The dependence of the mass sum rule mp^^ on cos^, at = 25 GeV"^ and 
at three different values of the continuum threshold sq = 35 GeV^, 40 GeV^ and 45 GeV^. 

Fig. (4) The dependence of the mass sum rule mx^ on cos^, at Af^ = 4 GeV"^ and 
at three different values of the continuum threshold sq = 8 GeV"^, 10 GeV"^ and 12 GeV"^. 

Fig. (5) The dependence of the transition magnetic moment /is,,A,, on cos^^, at the fixed 
value = 25 GeV'^ of the Borel parameter, and at three different values of the continuum 
threshold Sq = 35 GeV^, 40 GeV^ and 45 GeV^. 

Fig. (6) The dependence of the transition magnetic moment /iScAc on cos^, at the fixed 
value = 4 GeV^ of the Borel parameter, and at three different values of the continuum 
threshold sq = 8 GeV^, 10 GeV^ and 12 GeV^. 
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